A two dimensional Finsler space associated with the differential equation 
Introduction
The differential equation is usually the most appropriate mathematical tool for analyzing a dynamical system. In the 1960's E. Lorenz used a computer to model weather patterns, using a set of ordinary nonlinear equationṡ x = k(y − x),ẏ = rx − y − xz,ż = xy − bz. This is perhaps the most celebrated set of nonlinear ordinary differential equations.
Since 1992 the first author has derived the second order differential equation y" = f(x,y,y') from the Lorenz set and continued to study it from the standpoint of the differential geometry ( [4] , [5] , [6] ). Two of his results was very attractive to the second author:
1) The Lorenz equation coincides with the differential equation of geodesics of a two-dimensional space which belongs to the special class of Finsler spaces, called the Berwald (affinely connected) spaces [4] , and
2) The necessary condition (presented in invarianten under point transformations form) for determination of the Finsler metrics for equations type y ′′ = Y 3 y ′3 + Y 2 y ′2 + Y 1 y ′ + Y 0 , [5] .
We remember various geometrical investigations of the differential equation of the form
(e.g., [3] ). The Lorenz equation is just of this form. Recently the second author and S.Bacso [2] have succeeded in the characterization by a tensor equation of Finsler spaces whose geodesic equation is of this form; those spaces are called Douglas spaces. Therefore the remarkable results of the first author can be described as an interesting theory based on the Finslergeometrical foundations.
Preliminaries
We consider an n-dimensional Finsler space F n = (M n , L(x, y)) on a smooth n-manifold M n ( [1] , [8] ). The fundamental function L(x, y), a real-valued function on the tangent bundle T M n , is usually supposed certain conditions from the geometrical standpoint, but only the homogeneity and the regularity are mainly important for our following considerations. 1. L(x, y) be positively homogeneous in y i of degree one:
L(x, py) = pL(x, y), f or ∨ p > 0.
2. L(x, y) be regular: g ij =∂ i∂j F has non-zero g = det g ij , where F = L 2 /2 and∂ i = ∂ ∂y i . Let (g ij ) be the inverse matrix of (g ij ) and construct
where ∂ i = ∂ ∂x i . Then we have γ i jk (x, y)y j y k = 2G i (x, y). The length s of an arc C:
dt , and the extremely of the integral, called the geodesic, is given by the Euler differential equations d(∂L)/dt − ∂ i L = 0, which are written in the forṁ
In order to introduce geometrical quantities in F n , we are concerned with a Finsler connection F Γ = (F i jk (x, y), N i j (x, y), V i jk (x, y)) on F n . For a tensor field F Γ gives rise to the h and v -covariant differentiations: We treat of a tensor field X i (x.y) of (1,0)-type, for brevity. Then we get two tensor fields as follows:
The h and v-covariant derivatives ▽ h X and ▽ v X are tensor fields of (1,1)-type.
In the following we needs the Berwald connection
We shall denote by (;) the h-covariant differentiation ▽ h in BΓ. Then we obtain the commutation formulae, called the Ricci identities:
R i jk is called the (v)h-torsion tensor, defined by 
It is noted that G h ijk is symmetric in the subscripts. The contracted tensor G r rjk = G jk called the hv-Ricci tensor.
For the later use we shall give the three classes of special Finsler spaces as follows:
1. Riemannian spaces, characterized by g ij = g ij (x), that is , the Ctensor C ijk = (∂ k g ij )/2 vanishes.
2. Locally Minkowski spaces, characterized by the existence of the adapted coordinate system (x i ) such that L = L(y). Then G i jk = 0 and (1) is reduced toẋ iẍj −ẋ jẍi = 0. The tensorial characterization is "R i jk = 0 and
, that is, G h ijk = 0. The classes (1) and (2) are contained in the class (3). We consider a change of Finsler metric:
If any geodesic of F n coincides with a geodesic ofF n as a set of points and vice versa, then the change is called projective and F n is said to be projectively related toF n ( [1] , [7] ). F n is projectively related toF n , if and only if there exists a scalar field P(x,y), positively homogeneous in y i of degree one, satisfyinḡ
If we put P i =∂ i P , then we get
From these relations we obtain the invariant of protective change as follows:
Consequently we are led to the following projective invariants by means of successive differentiation with respect to y i :
where G ij is the hv-Ricci tensor. Further we get the Douglas tensor
where G h ijk is the hv-curvature tensor. A Finsler space F n = (M n , L(x, y)) is said to be with rectilinear extremals, if M n is covered by coordinate neighborhoods in which any geodesic is represented by n linear equations x i = x i 0 + ta i in a parameter t, where 
ijk is the Douglas tensor. "W i jk = 0" is equivalent to the fact that F n be of scalar curvature. On the other hand, "K ij = 0" for n = 2 is a differential equation satisfied by the h-scalar curvature R (or the Gauss curvature, cf. p. 4).
Douglas spaces
The present section is devoted to the short introduction to the recent theory which was given by [2] . We shall start our discussions from the equations (1) of geodesics of a two-dimensional Finsler space F 2 . If we denote (x 1 , x 2 ) by (x.y), take x as the parameter t and use the symbols y ′ = dy/dx, y ′′ = dy ′ /dx, then (1) (i=1, j=2) for F 2 is written in the form
where
. If we are specially concerned with a Riemannian space F 2 , then G i jk = γ i jk are usual Christoffel symbols, and hence X ′ s of (6) do not contain y ′ . Next, if F 2 is a Berwald space, then G i jk do not contain y' by definition. Consequently f(x,y,y') of those spaces is a polynomial in y' of degree at most three.
This special property of f(x,y,y') is equivalent to the fact thatẋ 1 G 2 (x,ẋ)− x 2 G 1 (x,ẋ) of (1) is a homogeneous polynomial inẋ 1 ,ẋ 2 of degree three.
Generalizing this fact, we shall give Definition A Finsler space F n is said to be of Douglas type or called a Douglas space, if D ij (x, y) = G i (x, y)y j − G j (x, y)y i are homogeneous polynomials in y i of degree three. Proposition 1.
A Berwald space is of Douglas type, where G i (x, y) of (1) are of the form G i jk (x)y j y k /2 Theorem 1. A Finsler space F 2 off dimension two is of Douglas type, if and only if, in every local coordinate system (x,y) the differential equation y ′′ = f (x, y, y ′ ) of geodesics is such that f(x,y,y') is a polynomial in y' of degree at most three.
Example 1.
([13] , [14] ). We consider a Randers space R 2 of dimension two, that is, the metric being
Suppose that the Riemannian α be positive-definite, and hence we can refer to an isothermal coordinate system (x.y) such that
Then the equation of geodesics of R 2 is written in the form
Consequently R 2 is not of Douglas type in general; R 2 is of Douglas type, if and only if b 1y − b 2x = 0.
On the other hand, it is shown that a Kropina space of dimension two, whose metric is L = α 2 /β, is a Douglas space.
We treat of Thus, for a Douglas space F n , we can put
which shows that (1) can be written in the forṁ
In the two-dimensional case (9) may be written as
where Q i jk = Q i jk (x, y) do not contain y'.
Two-dimensional Douglas space
The present section is devoted to studying Douglas spaces of dimension two. Let F 2 = (π(x, y), L(x, y; p, q) be a two-dimensional Finsler space, which is defined on the (x,y) plane π(x, y) and has the fundamental function L(x,y;p,q). Since this L is positively homogeneous in (p,q) of degree one, we can introduce 
and (1) shows 
We have
Thus F 2 is a Douglas space. The differential equation of geodesics is y ′′ = y ′2 − 1.
For F 2 = (π(x.y), L(x, y : p, q)) we introduce the associated fundamental function A (x, y, z) of three arguments by A(x,y,y')= L(x,y;1,z). Then we have the relation between L and A :
If we put A ′ = ∂A/∂z, then we get
Consequently (11) is written in the form
which is called the Rashevsky form [4] . Now we consider the equation (6) of a geodesic. From (14) it follows that
must be identically satisfies by (x,y,z) [5] ., where f = f(x,y,z) and A = A(x,y,z). Differentiate (15) successively by z: Putting S = log | A ′′ | and P = S x + zS y , we obtain
and
Suppose that F 2 be a Douglas space. Then f 1V = 0 from Theorem 1., and hence (19) is reduced to
Then the coefficients of (f, f ′ , f ′′ , f ′′′ , 1) in the above five equations of (3.5) must satisfy 
has a non-trivial solution (x 1 , · · · , x 5 ). Suppose that x 5 = 0. Then the first relation gives x 1 = 0 because of A ′′ = pW = 0 from (13). Hence the second leads to x 2 = 0, the third to x 3 = 0 and fourth to x 4 = 0, which is a contradiction. Thus we have non-zero x 5 . Hence (1) and (15) lead to f = x 1 /x 5 . Then the second, comparing with (16), gives
Similarly we obtain f ′′ = x 3 /x 5 and f ′′′ = x 4 /x 5 . Consequently fifth gives (20), and, comparing with (19), f 1V = 0 is concluded. Therefore f(x,y,z) is a polynomial in z of degree three. Remark 1) The determinant given in the previous papers ( [5] , [6] ) for the differential equation such as (10) is necessary, but not sufficient. It must be corrected to ∆(A) = 0 as above.
(2) According to the Fundamental Theorem and Theorem 4, it is sure that ∆(A) = 0 should coincide with vanishing of the Douglas tensor in the two-dimensional case. In fact, ∆(A) is constructed from A(x,y,z) by the differentiation one time with respect to (x.y) and six times with respect to z. The Douglas tensor is the set of components D h ijk , constructed from L(x i , y i ) in the same way, that is, by the differentiation one time with respect to x i and six times with respect to y i . Example 3 ( [12] , (4.12)). We treat of F 2 with
where u(x,y) is a function of (x,y). From (12) we have A(x, y, z) = 2 log |z|+ zu. Hence S = log 2 − 2 log |z|, P = 0 and it is easy to show ∆(A) = 0 for any u(x,y). Thus F 2 is a Douglas space. The geodesic equation is given by 2y ′′ = u x y ′2 .
The differential equation ∆(A) = 0, which is expanded in the form
has fundamental importance on the Inverse Problem of the Calculus of Variations for ODE. There are many types of reductions of this equation to differential equations of functions which are obtained from A(x,y,z) by lessening the number of variables.
A remarkable example of such reduction corresponds to the choice of A(x,y,z) in the form ( [6] , (8)) A
Then the initial equation is reduced to the differential equation of ω(ξ, η).
Further the reduction
leads to the ordinary differential equation of ω(ξ) ( [5] , (40)).
Let us consider an example of solution. Let function A(x, y, z) be in form
Then we get S = log A zz = log ω ′′ − log x, and
The equation take the form
After calculation all derivatives we obtain the equation
This equation may be solved by the means of simple transformations. Using the substitution
we get the equation
If we let
we find that function R satisfies the equation
Then using the substitution
we find the equation
or after the change of variable Z = U − 1
For solution of this equation we present the function Z in form
from which is followed the equation
It has particular solutions
and in general case can be reduce to the Abel's type of equation using the substitutions.
Hence we get
Or
The particular solution
lead to the function ω in the form
where A, B, C are constants. It is corresponded the equation
Remark
From the above equations we get the function f (x, y, z) in form
and corresponding expressions for its derivatives with respect to z f ′ , f ′′ and f ′′′ . So, for determination of the Finsler metric for a given equation y ′′ = a 1 (x, )y ′3 +a 2 (x, y)y ′2 +a 3 (x, y)y ′ +a 4 (x, y) we must solve corresponding system of nonlinear equations.
Geodesics of 1-form metrics
A Finsler metric L(x,y) of dimension n is called a 1-form metric, if there is a standard Minkowski metric L(v α ), where α = 1, · · · , n, in a real vector n-space V n with a fixed base and L(x, y) = L(a α ), where a α = a α i (x)y i are n 1-forms in y i . These a α must be independent; d = det(a α i ) = 0. Let b i alpha be the inverse matrix of (a α i ) and put
These give rise to the linear connection (F i jk (x) ([1], 1.5.2.) and
Thus a α , α = 1, · · · , n, are n covariant constant vector fields. We introduce the Finsler connection
where T r ij = F r ij − F r ji is the (h)h-torsion tensor of F1. Now we consider a two-dimensional Finsler space F 2 with 1-form metric L (a 1 , a 2 ) . Then
where T α = T i 12 a α i . Analogously to the Weierstrass invariant W, we can define from L αβ , α, β = 1, 2,
called the intrinsic Weierstrass invariant of F 2 . It is easy to show from
Then M = W (pF 2 00 − qF 1 00 ) − L α T α and (11) gives the equation of geodesics in the form pq −ṗq + pF 2 00 − qF We shall use the following symbols for (a 1 , a 2 ) for brevity,
where a i and b i are functions of (x,y).Then the connection coefficients F i jk are written as
Now we are concerned with Berwald spaces, specially simple Douglas spaces. In the two-dimensional case we refer to the Berwald frame (1,m) in order to discuss such spaces ([1], 3.5). Then the (v)h-torsion tensor R* and the C-tenser Ci,* are written in the form R i jk and C-tensor C ijk are written in the form
where ǫ = ±1 is the signature; g ij = l i l j + ǫm i m j . The scalar R and I are called the h-scalar curvature (or the Gauss curvature) and the main scalar respectively. All the Berwald spaces of dimension two are divided into three classes as follows:
(1) R = 0 and I = const, (2) R = 0 and I = const, (3) R = = 0 and I = const. A Berwald space belonging to the class (1) or (2) is a locally Minkowski space, and hence its geodesics is written as y ′′ = 0 in an adapted coordinate system (x.y).
We shall deal with two-dimensional Berwald spaces with the constant main scalar I. All of them has the 1-form metric L(a 1 , a 2 ) and are divided into three classes, according as the signature ǫ and the main scalar I as follows:
L α T α /w of B(1), B(2) and B(3), appearing in (30) respectively given as follows:
6 Lorenz dynamical system and Finsler metrics
Lorenz's nonlinear dynamical system is given bẏ
where k, b are positive constant and r is a parameter. This is equivalent to the following second order differential equations:
If we transform (x,y) to (u = x, v = 1/(y − x)) and write (u,v) as (x,y) again, then the above is rewritten as ( [4] , [5] , [6] )
where we put
The purpose of the present section is to find the two-dimensional Finsler spaces F 2 whose geodesics are give by (33), To do so,we shall pay attention to Berwald spaces F 2 belonging to the class B(3): 
and (45) is written as therefore we divide our discussion into the following two cases:
We deal with the case (i). 
b(x, y) = cx 
b(x, y) = cx
where c is a non-zero constant.
Further we consider the case p = 1/2. Then (48) gives m = 3s and (46) is reduced to 3x 2 f f ′′ − 4(xf ′ ) 2 − xf f ′ + 5f 2 = 0.
Remark 1 The metric L = ẋ(bẋ + aẏ) of the case (3) is a Riemannian metric with the signature ǫ = −1.
Conclusion
The values of parameters plays a crucial role in geometry of equation. At the change of parameters the behaviour of its integral curves (and, correspondengly, its Geometry!) my be change radically. The Finsler-Geometrical approach to studying nonlinear dynamical systems the equivalent to ODE's of type y ′′ = Y 3 y ′3 + Y 2 y ′2 + Y 1 y ′ + Y 0 makes possible to investigate all kinds of Geometries connected with such type of equations. Fundamental partial differential equation ∆ = 0 for the Finsler metrics is basis of this approach and it gives the hope to understand the nature of chaos from geometrical point of view. It will be the object of next work.
